


Planar graphs
are measure tleeable

Recall

2-basis of a graph is a collection B

of simple cycles s.tl

i) no edge e belongs to more than

the elk of B

ii ) B generates all cycles ie if c is a cycle
K G

,
th there are B

, , . . ,
But B

Bc = É Dpi Chro 'd 2)
in

B
, | ☐

< ( B
)pÉBsBsf

An accumulation - fee planar embedding
of a graph is a planar embedding s.tl

hey compact subset of IR
'

utensils

finitely may vertices and edges



A face of a planar embedding
is attenuated component of the

complement of Her Embedding
If F is a fare OF is either a cycle

or a bi - infinite lie

if it is a cycle ,
then we cell it a facial cycle .

Thm_ (Thomassen) G 2- connected locally
fwte graph

1) if G admh an accumulation -free

planar embedding , th B tee set

of all facial cycles is a 2-bans of G

2) if G has a 2. beasts ,
tbh the ears

an ace . free planar embedding an
B is he set of all facial cycles .
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2) any graph hers canonical

bloody what are mexinel 2- connected

components at the graph is a

"Kee " of blocks
u

D-
Zoo uh

.¥-0
The dud of graph Gurtu a 2- bans B

G* whose vertices are the elements of B

if e is and edge in G s.hn e felony
to two elb of 93 , say B

, , Bc
e* is edge between By , Bz

i¥¥*,
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Proportion G locally fmlt 2-connected grape

whet her - 2- bans B

Assure that erey edge belongs to two

ellenerh of B

Then G " has a 2-basis : if ✓ is a telex

1h G

✓ * = { e* : reef is a simple cycle
In Gt

B.* = { ✓ * : ve G) is a 2. basis of Gt

G I G**

✗ 1-5 ✓
*

-
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Def Syron G is a planar graph ath < 2-bob

B
,
G " - its dud

,

G ; E G
"

is a subgraph

G G ? = G- { e c- G : e' c- a :}

a GIEI

NY

1/1/11

Thin G locally fruit aperiodic ,

2-connected

gm.ph wth a 2- lochs B.

Assume every edge of G belong to two

elements of B.

G" - dud . GEE G
"

spurning subgraph
H = Go-Go

"

1) It is acyclic iff GF is aperiodic



2) GI is acychc off H is aperiodic

3) H is a syannig tree ( wth the
sane components as G)

Iff
GI is a one-ended subtle .

p-f_ Assure G
,
C " are cohveckaéd

☐ ⇒
suppose Gox is aperiodic

let C be a cycle K G

we want to show tht C does
not survive to H

we draw C on the plane and see it

☐ as a single
cure in IRZ

B) Jordan

"

it dudes R '

into two conn
.

burpo vents . :
one handed

,
one unbounded

.



let B. be a facial cycle in the

bounded component

the ne fin . nay ferial cycles in the b-d

connected comp ,

,
so there is a f- acid

cycle By in the unbounded coup .

th Bo
,
B
,
are wnredrlu Got

the edge cut by a path for Bob B
,

does not smile to H
.

⇐ suppose GI has a fruit component E

we vill find a cycle in H

F
let k=ue
let F be
an unbounded
fire of K

OF - is the cycle
OF is contused u H became hey

edge on OF touches only Ole facial

cycle of GI



2) follows from D by duality

3)
⇐ assure Eri is a one-embed

subtle

wts H is a spinning tree
( convected)

13
, 1) His acyclic ,

so

we need to show H is connected

let xiy c- H assure the is an

edsse e between the u G
.

WTS that the it a path in 1-1

fun ✗ to y ,

let Bo
,
B
,
be fuidcyds

By closer to the end

§9EE¥9÷:t÷÷÷ .in a finite conyoueit

call it D

ti -
end of at



let p = 8D Yes the blue path )

enemy element of P survives in H ,

to × ad y
ne crmeehl in H .

⇒ assure H is wneneled tree

hts GI is a one -ended subue

By 2) so
'

is a swhcee
,

all tht

is left to see is that Gi is one -aid

if CI is not oi-ehlcl.tw it

( it is aperiodic ) ,

'¥ has a biitfihk
path

§
XIE
r

if ✗ cy one in different components of
its complement th × , y al

not connected in H .

☐


